Introduction and main results
Let X be a normed linear space and let A be a subset of X. Assume that A is closed, convex, and centrally symmetric i.e., x ∈ A implies −x ∈ A . The Bernstein n-width, which was originally introduced by Tikhomirov where S X n 1 {x : x ∈ X n 1 , x ≤ 1} and X n 1 is taken over all subspaces of X of dimension at least n 1. Let T : 0, 2π be the torus, and as usual, let L q : L q 0, 2π be the classical Lebesgue integral space of 2π-periodic real-valued functions with the usual norm · q , 1 ≤ q ≤ ∞.
Denote by W r p the classical Sobolev class of real functions f whose r − 1 th derivative is absolutely continuous and whose rth derivative satisfies the condition f r q ≤ 1. 
for all x 1 < · · · < x 2n−1 < x 1 2π and y 1 < · · · < y 2n−1 < y 1 2π. One will drop the subscript 2m − 1 from the acronyms CVD, if one assumes that these properties hold for all orders. One says that K is nondegenerate cyclic variation diminishing NCVD if K is nonnegative CVD and
for every choice of 0 ≤ x 1 < · · · < x n < 2π and all n ∈ N. Now, we introduce the classes of functions to be studied. Let K be a NCVD kernel 2 and let G be a B-kernel. The 2π-periodic convolution function classes K p and B p are defined as follows: 
where 
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We will only give the proof for the case of a B-kernel. As for the case of a NCVD kernel, the proof is similar and even more simple.
Nonlinear integral equation and its spectral couple
Before we prove Theorem 1.3, we need some results about nonlinear integral equations and their spectral couple. First, we introduce some definitions and notations. 
where k is some integer for which x k / 0. Obviously, S where the supremum runs over all x 1 < · · · < x m < x 1 2π and all m ∈ N. Assume that f is a 2π-periodic, real-valued function on R for which f is sufficiently smooth. The number of zeros of f on a period, counting multiplicities, is denoted by Z c f .
Clearly, S c f denotes the number of sign changes of f on a period, and Z c f denotes the number of zeros of f on a period, where the zeros which are sign changes are counted once and zeros which are not sign changes are counted twice. Moreover, we have
We define Q p to be the nonlinear transformation:
Since the function F y : |y| p−1 sign y is continuous and strictly increasing, Q p f is continuous if and only if f is. Moreover, since F y is uniformly continuous on every compact interval, Q p f is a continuous operator from 
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Iterating this inequality for 0 < ε < 1, we obtain σ ε ≤ σ ε 0 , where ε 0 can be made arbitrarily close to zero due to 1 < q < p < ∞ , so that we may assume that σ ε 0 N. Consequently, σ ε ≤ N for 0 < ε < 1. But then also σ 1 S c f 1 f 2 ≤ N for otherwise one can choose ε < 1 so close to 1 that σ ε > N. Now, we turn to prove part b . Taking λ 1 λ 2 , ε 1 in 2.12 , we get S c f 1 f 2 Z c f 1 f 2 . Lemma 2.4 is proved.
For a spectral function f, let t 1 < t 2 < · · · < t m be all its zeros on T, and let s k : t k t k 1 /2, k 1, . . . , m, t m 1 t 1 2π be the midpoints of the intervals between them. Lemma 2.5. For 1 < q ≤ p < ∞, a spectral function f is odd with respect to each of its zeros t k , that is, f t k − t −f t k t , and is even with respect to each s k . Moreover, the number of zeros is even, m 2n, and the points t k are equidistant on T. The f is periodic with period 2π/n.
Proof. Let f, λ
q ∈ Γ p, q, G . Then by 6 , λ f q , and for each k, f t k ± t is also a spectral function with the same λ. Therefore, F t f t k − t f t k t has a zero at t 0 without sign change. By b of Lemma 2.4, this function F t must be zero.
The proof of Lemma 2.5 is complete.
then the function f : G * h β satisfies the following conditions:
with β 0, and the simple zeros of f are equidistant on T , and
Proof. For f, λ q ∈ Γ 2n p, q, G , by 2.7 , and Lemma 2.6, we have f G * h x . We choose
Combining 2.14 , we get h ∈ D n , and λ f q G * h q . The proof of Lemma 2.7 is complete.
Upper estimate of Bernstein n-width
Following some ideas of Buslaev 4 , Tikhomirov 1 , Chen and Li 7 , and Chen 5 , the proofs of our main results are based on some iteration process which starts with an arbitrary function h 0 ∈ L p with mean value zero and produces a sequence of functions h k , and then a subsequence of their integrals f k converges to a spectral function f.
First, we take some
where β 0 satisfies the condition:
Next, we construct the sequences of functions {h k } and {f k } as follows:
where β k is uniquely determined by the condition
and μ k 1 > 0 is determined by the condition h k 1 p 1, 1 < p < ∞.
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Lemma 3.1. Let 1 < p, q < ∞. Then 
which proves the first inequality in 3.6 . We now use this first inequality and similarly prove the second inequality:
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The proof of Lemma 3.1 is complete. 
Now, we turn to prove that f, μ is a spectral couple. Since in the following inequality, We recall an equivalent definition on the Bernstein n-width of a linear operator P from a linear normed space X to Y . where X n 1 is any subspace of span {P x : x ∈ X} of dimension ≥ n 1. 
